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CONTINUATION THEOREMS FOR PERIODIC PERTURBATIONS
OF AUTONOMOUS SYSTEMS

ANNA CAPIETTO, JEAN MAWHIN AND FABIO ZANOLIN

ABSTRACT. Itis first shown in this paper that, whenever it exists, the coincidence
degree of the left-hand member of an autonomous differential equation
x' —g(x)=0,

in the space of periodic functions with fixed period w, can be computed in
terms of the Brouwer degree of g. This result provides efficient continuation
theorems specially for w-periodic perturbations of autonomous systems. Ex-
tensions to differential equations in flow-invariant ENR’s are also given.

1. INTRODUCTION

In this paper we are concerned with the periodic boundary value problem
(BVP)

(1.1) x'=F(t, x),
(1.2) x(0) = x(w),

where F : [0, w] x R" — R™ is a Carathéodory function (@ > 0). We recall
that if F : R x R™ — R™ is w-periodic in the first variable, then any solution
of (1.1)-(1.2) can be extended to a classical (i.e. absolutely continuous) w-
periodic solution of (1.1) defined on the whole real line. Accordingly, without
overindulging in terminology, we call in what follows w-periodic any solution
of (1.1) satisfying (1.2).

The periodic BVP plays a central role in the theory of ODEs for its signif-
icance in several applications (see [30, 58, 59]). Many authors have treated
problem (1.1)-(1.2) by means of topological methods; in such a framework,
continuation theorems turn out to be specially suitable for the existence prob-
lem. Basically, the “continuation” is performed through an admissible homo-
topy carrying the given problem to a simpler one. This simpler one may be an
autonomous equation whose w-periodic solutions consist in an odd number of
nondegenerate equilibria, like in Stoppelli’s pioneering work [63], or a linear
equation having only the trivial w-periodic solution (see e.g. [43], references
for Theorem IV.5). By the fundamental properties of topological degree theory,
such an approach will only succeed in problems having an odd degree.
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Two different methods have been developed by M. A. Krasnosel’skii [30]
and J. Mawhin [43] which carry the problem to simpler ones induced by some
associated autonomous vector field. On the one side, in [30, Chapter 2] a ho-
motopy through the trajectories of (1.1) is considered and the existence of a
fixed point of the Poincaré map is proved via a degree theoretic assumption on
the autonomous function F(0, :): R” — R™ . In this case, the admissibility
of the homotopy is guaranteed by the so-called w-irreversibility condition. On
the other hand, in [43] system (1.1) is embedded into the parametrized family
of equations x’ = Af(¢, x;4), A€ (0,1), with f(t,x;1) = F(¢t, x) and
the solvability of (1.1)-(1.2) is ensured via a degree theoretic assumption on
the autonomous averaged vector field f : z — (1/w) [y’ f(s, z; 0)ds. In this
case another transversality condition is required for the admissibility of the
homotopy.

Both Krasnosel’skii’s and Mawhin’s theorems have found useful applications
in the literature (see for instance the references in [2, 22, 31, 43, 52, 59, 60].
For other different but related results see [35, 57, 62].

An important situation which occurs in several applications corresponds to
the case when the nonautonomous field F(¢, x) splits as

(1.3) F(t, x):=g(x)+e(t, x),

where e(-, -) satisfies suitable growth conditions (e.g. is bounded).

In such a situation, it is natural to choose the homotopy field f(¢, x; 1) :=
g(x)+4e(t, x), A €0, 1]; however, none of the previously quoted continu-
ation theorems can be directly applied.

The aim of our work is to provide a new continuation result for (1.1)-(1.2)
which is particularly suitable for dealing with nonlinearities like (1.3). To do
this, we assume that

F(t,x):=f(t,x;1),
where f = f(¢t,x;24):[0, w] x R" x [0, 1] — R™ is a Carathéodory function
such that for A = 0 the map f is autonomous, i.e. there is a continuous function
fo:R™ — R™ such that
Jo(x) = f(t, x;0),

for almost all ¢ € [0, w] and all x € R™. A crucial point in the proof of con-
tinuation theorems is to show that the “degree” (or, in more general situations,
the fixed point index) of (suitable) operators defined in function spaces is equal
to the Brouwer degree of a (corresponding) autonomous map which takes val-
ues in R™. For example, in [43, Theorem IV.13] the continuation technique is
associated to the homotopy

w
(s x) = (1= D) [ (5, x(6)3 s + 2S5, 3 4
0
leading for A = 0 to the integro-differential system
w
(1.4) x’—l/ f(s, x(s);0)ds =0,
W Jo

whose w-periodic solutions are constant and given by the zeros of 70 . In [43,
Lemma VI.1], the continuation is made through the homotopy

(A, )= (1 =A)VV(x)+AF(¢, x),
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for some C! function V : R™ — R. This gives, for A = 0, the gradient system
(1.5) x'-VV(x)=0,

whose w-periodic solutions are given by the zeros of VV. In both cases, it is
easy to compute the (coincidence) degree (or, in more general situations, the
fixed point index), in a suitable space of w-periodic functions, of the opera-
tor associated to the left-hand member of (1.4) (resp. (1.5)), in terms of the
Brouwer degree in R™ of the mapping 70 (resp. VIV ). For a homotopy

(A, %) = f(t, x5 4),

connecting F(¢, x) (for A = 1) to a general autonomous field fo(x) for A =0,
the computation of the (coincidence) degree of the operator defined by the left-
hand member of the equation

(1.6) x'— fo(x)=0

is made more difficult by the presence of possible nonconstant closed orbits
with period less than w. Theorem 1 in §II.1 shows however that a similar
connection still holds between the coincidence degree and the Brouwer degree
of fy. To obtain this result, we use an “approximation” procedure for the map
fo based on the Kupka-Smale theorem [7, 54]. The Kupka-Smale theorem
ensures the existence of a sequence (¢;) of C!-functions, (¢i) — fo, such
that for each ¢ > 0, for every compact subset K of R” and for all kK € N,
system x’' = @i (x) has finitely many rest points or closed orbits with period
less or equal than o which are contained in K. By means of this result, and
using the additivity/excision property of the coincidence degree, we can perform
admissible homotopies which lead to the conclusion.

Notice that Theorem 1 can be viewed as a contribution to the computation
of coincidence degree in spaces of periodic functions.

Now, there are various ways to express the problem of w-periodic solutions
of (1.6) in terms of fixed points of operators defined in the space of continuous
functions on [0, w]. Using duality theorems developed in [31, Chapter III]
and [43, Chapter III] and Theorem 1, one can also express the Leray-Schauder
degree of these operators in terms of the Brouwer degree of f;, and this is
the object of Corollary 1. Finally, similar results also hold which connect the
Brouwer degree of the Poincaré-Andronov operator for w-periodic solutions to
the Brouwer degree of f; (Corollary 2).

In §I1.2 we apply Theorem 1 to the proof of Theorem 2, a continuation the-
orem for the periodic solutions to (1.1)-(1.2) when the family of parametrized
equations is

x'=f(t,x;4), Ae[0,1],
with f(t,x;1) = F(t,x) and f(¢,x;0) = fo(x), and it is assumed that
the Brouwer degree of the map f; is different from zero. Theorem 3 is an
extension of Theorem 2 to the case where the phase space R™ is replaced by a
closed convex set with nonempty interior. Theorem 4 is a continuation theorem
similar to Theorem 2 but expressed in terms of the Poincaré-Andronov operator.

Although §II already provides examples comparing the applicability of The-
orem 2 to that of other continuation results, more applications are given in §III
for the important case where F splits as

F(t, x)=g(x)+e(t, x),
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where e(t, x) satisfies suitable growth conditions and the performed homotopy
is
f(t, x; A) = g(x) + de(t, x).

A first class of results are of perturbational type, i.e. require |e|. to be suf-
ficiently small. In this case, the assumptions upon g are rather mild and the
results generalize in various ways earlier contributions of Amel’kin-Gaishun-
Ladis [1], Berstein-Halanay [3], Cronin [9, 10, 11], Gomory [23], Halanay [25,
27], Hale-Somolinos [28], Lando [32, 33], Pliss [56], Srzednicki [62] and Ward
[66]. A second class of results, of global type, deals with the case where g is
positively homogeneous of some order and the corresponding results improve
in various directions earlier contributions of Dancer [13], Fonda-Habets [17],
Fonda-Zanolin [18], Fucik [19], Krasnosel’skii-Zabreiko [31], Lazer-McKenna
[36], Lasota [34] and Muhamadiev [47, 48].

In §IV, an extension of Theorem 2 to flow-invariant Euclidean Neighbour-
hood Retracts is performed (Theorem 5). We recall that a metric space C is
an ANR (Absolute Neighbourhood Retract) if and only if it is homeomorphic
to a neighbourhood retract of a Banach space Y. If Y is finite dimensional, we
say that C is an ENR (Euclidean Neighbourhood Retract). In such a general
framework we use (continuous vector fields and) the fixed point index of com-
pact operators defined on the space of continuous functions which take values
in the given ENR. Moreover, Theorem 5 enables us to deal with some cases
when the phase space is not the whole R™ but e.g. a regular manifold, a closed
convex set or a conical shell. Beside a flow-invariance condition for the given
ENR, we introduce the so-called “property (A)”, which ensures that the ENR
we work with is invariant not only for the flow induced by x’ = fy(x) but for
the flow induced by x’ = ¢, (x) as well, where (according to the Kupka-Smale’s
theorem) (¢;) is the sequence of functions approximating fy. We point out
that property (A) holds (obviously) true when the phase space is R™ itself (as
in §§II and III); moreover, it is always satisfied in the cases we quoted above
(e.g. regular manifolds and closed convex sets) as well. The proof of Theorem
5 is carried out by embedding (1.1)-(1.2) in a functional-analytic framework
which is inspired by the study of the Poincaré map (like in [6]); on the other
hand, we use, instead of the Brouwer degree, the “index of rest points”.

We end this section with a list of notations. The m-dimensional real eu-
clidean space R™ is endowed with the usual scalar product (+|-)Z, norm |- |
and distance d(-, -). Given two subsets C; , C; of R™, we denote by

d(Cy,C)):=inf{la-b|: ae C; ,be Cr},

the distance between the sets C; and C,. R, is the set of nonnegative reals.

Given xy € R™ and R > 0, we denote by B(xg, R) (resp., B[xo, R]) the
open (resp., closed) ball of center x; and radius R. Given any metric space
W, for AC BC W by intgA, frgA, clgA we mean, respectively, the interior,
boundary and closure of the set A4 relatively to B. We omit the subscript when
B =W =R". If W is a normed space, |-|w denotes its norm and Iy
the identity operator in W. As a usual convention, the subscript is omitted for
W =R" .

For a closed set S C R™, by

T(z;S):= {v eR” :li}?l(i)gfd(z—!-hv, S)/h = O} ,
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we mean the (Bouligand) tangent cone to S at z, while, for a closed convex
set K C R™ we denote by N(z, K) the set of (nonzero) outer normals to K
at z e frK.

Let w > 0 be a fixed constant. For a function y : [0, ] — R™ , we use
the respective norms |y|o = sup{{y(?)|: t € [0, w]}, |¥|; := fo'” ly(s)|ds in the
associated function spaces and we set

L re
y = 60/0 y(s)ds.

Finally, if C is an ANR and y : clcU — C (with U bounded and open
relatively to C ) is a compact map with y(x) # x for x € frcU, we denote
by ic(w, U) the corresponding fixed point index (see [24, 50]). By dp and deg
we mean, respectively, the usual Brouwer degree in R” and the Leray-Schauder
degree in a normed vector space.

II. THE MAIN RESULT

We deal with the periodic boundary value problem:

(2.1 x'=F(t, x),
(2.2) x(0) = x(w),
where

(2.3) F(t,x):=f(t,x;1)

and f=f(t,x;4):[0, w]xR™"x[0, 1] - R™ satisfies the Carathéodory con-
ditions, i.e. f(-, x; A) is (Lebesgue) measurable for each (x, A), f(¢,-;-) is
continuous for a.e. ¢ and, for each r > 0, thereexists 8, € L'([0, w], R) such
that |f(z, x; A)| < B.(¢) holds for a.e. 1 €[0, w] and all |x| <r, 2€[0, 1].
Accordingly, solutions for x’ = f(¢, x; 1) are intended in the generalized (i.e.
Carathéodory) sense. With small abuse in the terminology, we call w-periodic
any solution satisfying the boundary condition (2.2).

As we mentioned in the introduction, we assume that for A = 0 the map f
is autonomous, i.e. there exists a continuous function f;: R™ — R™ such that

(2.4) Jo(x) = f(z, x; 0)

for almost every ¢ € [0, w] and each x € R™ . A particular but significant case
in which such a situation occurs is when f splits as

S, x5 4) = folx) +4e(t, x; 4);
this is examined in detail in §IIIL.
The proof of continuation results for problem (2.1)-(2.2) is based, essentially,

on the homotopy invariance of the topological degree and on estimates for the
degree of some operators associated to system
(2.5) x' = fo(x).
This second goal is achieved showing that, under certain circumstances, it is
sufficient to evaluate the (finite dimensional) Brouwer degree of the vector field
fo. In the first part of this section, we prove some results in which the above
programme is developed for various operators related to (2.5).

In what follows, the (real) Banach spaces Z := L'([0, w],R™), Y :=
C([0, w], R™) and X := {x € Y: x(0) = x(w)}, with their usual norms, are
considered. Notice that points of R are identified with constant functions.
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I1.1. Estimates for the degree. For the first result, we recall some basic facts from
coincidence degree theory, borrowing notation and terminology from [43]. We
define L :domL Cc X — Z, Lx = x', a Fredholm mapping of index zero,
with dom L = {x € X : x(+) is absolutely continuous }.

Let M, be the Nemitzky operator from X to Z induced by the map fy,
ne. My:x(:)— fo(x(+)).

In this situation, problem (2.5)-(2.2) can be transformed into the equivalent
coincidence equation:

(2.6) Lx = Myx, x € dom L.

If we introduce the linear projectors Q : Z — cokerL C Z, Qz = Z =
(l/a))f(;” z(s)ds and P:=Q|x: X — kerL C X and we denote by Kp ¢:Z —
ker PNdom L the generalized inverse of L, then equation (2.6) is equivalent
to

X = Ry(x) := PX+KP’QM0.X+JQM0X =X - (JQ-}-KP,Q)(L— Mo)x,

where J :Im Q = R™ — ker L = R™ is a linear isomorphism, so that I — Ry =
T(L - M), for some linear isomorphism 7 (see [43, 44, 55, 65]).
In the sequel, for simplicity, we take J := I (the identity in R™).

Let Q C X be bounded and open (relatively to X ).
It is a standard fact to check that Ry : clyQ — X is compact. Therefore, the
coincidence degree of L and M, in Q is defined by

DL(L_MO’ Q) = deg(IX _R07 Q’ 0))

provided that
Lx # Myx forall x efryQndomdL.

From [43, p. 19] we know that the definition of the coincidence degree is inde-
pendent of the projectors P and Q.
We note that a similar framework may be introduced by a different choice of
the function spaces. In particular, the use of Z := L!([0, w], R™) is not
necessary at this point. However, such a choice is convenient as we deal later
with nonautonomous nonlinearities satisfying only the Carathéodory conditions
(see [43, Chapter VI]).

The following theorem, which is crucial for the proof of Theorem 2, may be
considered of some independent interest as a contribution to the coincidence
degree theory.

Theorem 1. Assume that there is no x(-) € frxyQ such that x' = fy(x). Then,
(2.7) Dr(L - My, Q)= (-1)"dg(fo, QNR™, 0).

Proof. First of all, we observe that, as Q is bounded, there is a constant R > 0
such that |x|. < R, for every x € clyQ. Furthermore, we point out that the
assumption is equivalent to

(2.8) Lx # Myx,

for all x € dom L N fryQ; therefore, the coincidence degree Dy (L — My, Q)
is well defined.

The proof is performed by means of a corollary of the Kupka-Smale’s theo-
rem [7, p. 68]; this result ensures the existence of a sequence of C!-functions
(0x), ¢x:R™ — R™, such that:

(a) (px) — fo uniformly on compact sets;
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(b) for every compact subset K of R™ and for all kK € N, system

x' = gp(x)
has finitely many singular orbits (i.e., rest points and closed orbits) with
minimal period in [0, w + 1] which are contained in K.

Let Nk-# be the Nemitzky operator induced by the functions x — ufy(x) +
(1 — woer(x), pu € [0, 1]. We claim that there is ky > O such that, for all
k > ko and for all u € [0, 1]

(2.9) Lx # NK-#x for all x € dom L NfryQ.
This fact will imply, in particular, that
(2.10) or(z)#0 forall z € fryQNR™, k > k.

Then, a classical compactness argument ensures that, for any k > ko, there is
01 = d1(k) such that

(2.11) or(¥)#0  forally e B(frxQnNR™, é;).

To obtain (2.9), it is sufficient to observe that the sequence of operators N*-#
converges, as k — +oo, to My in Z uniformly on clyQ x [0, 1] and that, by
(2.8),

inf {|(L — Mp)x|z : x € dom L NfryQ} > 0.

Hence, the claim is proved and, using the homotopy property of the coincidence
degree (see [22, Theorem III.2]), we can write

(2.12) Di(L- My, Q) =D;(L-NK', Q) =Dy (L-N° Q),
for every k > ky and, in particular,
(2.13) dp(fo, QNR™,0) =dp(gr, QNR™, 0).
Let us fix k* > ky . For brevity, we set
0= P , N, := N¥*:0 0y := 61 (k*).

Consider the singular orbits (i.e. rest points and closed orbits) with minimal
period in [0, w + 1] of the system

(2.14) x' = p(x).

By the Kupka-Smale theorem, .there exist finitely many such orbits which are
contained in B(0, R). We denote these orbits by S;, ..., S,. They are mu-
tually disjoint. Pick, for each i = 1,...,n, a point z; € S;. Then, z; is a
periodic point (possibly a rest point). We can assume that z; is a rest point
for 1 <i<p (p >0 an integer) and a periodic point for p+1 < i < n.
We denote its minimal period by 7; (p+ 1 < i < n). We can also assume
that T; < w for p+1<i<gand w<T;<w+1 for g+1<i<n We
denote by k; the largest integer such that k;7; <w (p+1<i<gq), so that
(ki+ 1)T; >w (p+1<i<gq). Wedenote by x;(-) the solution of (2.14)
with x;(0)=2z; (p+1<i<n).
We claim that for each «’ such that

<o <min{(kps1+ DTp41, ..., (kg + DTy, Tgyr, ..., Tp, 0+ 1} =1,
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the problem

(2.15) x'=9p(x),  x(0)=x(o)
has no solution x(-), with x(¢) € B(0, R) for all ¢, other than the equilibria
Z15 .05 Zp.

Indeed, if x(-) satisfies (2.15) and is contained in B(0, R), then S = {x(¢):
0 <t < '} is a singular orbit of (2.14) contained in B(0, R). If it is not a
rest point, then S = S; for some p + 1 < i < n and hence there exists a; € R
such that

x(t) = x;i(t + ), 0<t<uw.
In particular,
xi(0'+ a;) = xi(a).

This is impossible for ¢ + 1 < i < n as then @' < T; and T; is the smallest
period. This is impossible for p + 1 < i < g as in this case k;T; < 0’ <
(ki + DT; .

Therefore the claim is proved.

Now, the solutions of (2.15) correspond, by the transformation

wl
y(t)—X(Et), 1€[0, o,
to the solutions of the problem

216) Vi = Zown),  ¥(0)=yw).

Thus, problem (2.16) has, by construction, no nontrivial (i.e. nonequilibrium)
solution on clyQ and, by assumption, no rest point on fry(Q (as its rest points
are the same as those of (2.14) and all its possible solutions in B(0, R) are rest
points). Now, as (2.14) has no solution on fryQ, the homotopy invariance of
coincidence degree implies that

(2.17) Di(L-N,,Q) =D, (L—%N¢,Q>,

forall w < @ < t. Fix some o' € (w, 1).
Now, by excision,

w/ wl
(2.18) DL (L“BN(I,,Q): l;pDL (L_ENQ)B(Zj’§)>’
zEQ
where
6 =min{d,, n/2}, n=min{d(S;, S;): 1 <i#j<n}.

Now, the problems
(1) =AZp(x(0), A€ (0,1,

x(0) = x(w)

have no solution on fryB(z;, d).
Indeed, if there exists A* € (0, 1] and X(-) € frxyB(z;, J) such that

/

() = Te(0),  X(0)=X(w),
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y(t) =X (Lt)

then

Ao’
will satisfy
V') =9e(@®), y(0) =y(A" o)
and hence {y(t):t€[0, 1*w'] } =S;- , forsome 1 < i* < n. Moreover,

y(t)—z;| <o forall ¢ € [0, A*w']

so that, by the choice of J, i* = j and y(-) is constant and equal to z; for
all 1 € [0, A*®@'], a contradiction.
Thus we can argue as in [22, pp. 28-29] and obtain

' i
(2.19) Dy (L_ o N Bz, 5)) =dg(-JQN,, B(z;,5)nR™, 0)

= (-1)"dg(p, B(z;, 5)NR™, 0)

for 1 <j<p, z; € Q. Consequently, from (2.18) we have

Dy (L—%N¢,B(zj,5)> = (=)™ Y da(p, B(z;, §)NR™,0)
(2.20) <7

z;€Q

=(-1)"dg(p, QNR™, 0).
The result follows by (2.17), (2.20) and (2.13). The proof is complete.

Theorem 1 is a generalization of Lemma VI.1 in [43], where the case fy =
-VV, with Ve C{(R™,R) and QNR™ =B(0,r), r>0, is treated.

We remark that (2.19) holds for any linear orientation preserving isomor-
phism J : R™ — R™ (see [43]), and so (2.7) is independent of the choice of
P, Q,J, whenever detJ > 0. In the more general case in which J :ImQ =
R™ — ker L = R™ is an arbitrary linear isomorphism, we can write, instead of
(2.7),

|DL(L _M09 Q)I = idB(fba Qan’ O)I

From Theorem 1, using the duality theorems developed in [43, Chapter III]
and [31, Chapter III], we can find other relations between the degree of some
fixed point operators related to (2.5)-(2.2) and the Brouwer degree of f;. To
this end, the following maps ®,: Y — Y, i=1, 2,3, are defined:

@,(x)(1) = x(e) + /0 folx(s)) ds.

®,(x)(1) := x(0) + /0 Y folx(s)) ds + /0 folx(s)) ds,

®s(x)(1) 1= x(0) + (@ — 1) / Y fe(s)) ds + / folx(s)) ds.
0 0

Allthe ®,, i =1, 2, 3, are completely continuous and their corresponding
fixed points are exactly the solutions of (2.5)-(2.2). Moreover, ®3]x : X — X.
Let Q C Y be bounded and open (relatively to Y ). In [43], the following
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equalities are proved, provided that there is no x € fryQ, solution of (2.5)-
(2.2):
deg(Iy — @1, Q, 0) = deg(ly — ®,, Q, 0) = deg(ly — 3, Q, 0)
=deg(IX —(I)3|X, QnXx, 0)
Indeed, it is sufficient to apply, respectively, Theorem II1.1, Theorem II1.4 and

Proposition I11.5 in [43, Chapter III]. Related results can be found in [31, 28].
Now, we have

Corollary 1. Assume that there is no x € X NfryQ such that x' = fo(x). Then,

for i=1,2,3,

(2.21) deg(ly - ®;, Q,0) = (-1)"dp(fo, QNR™, 0).

Proof. 1t is sufficient to recall that, by [43, Theorem 111.6, Theorem II1.7],
deg(Iy —-P3, Q, 0) =DL(L—M0, QﬂX)

and then Theorem 1 can be applied.

In [48], the author stated the equality

deg(ly — @1, Q,0) =dg(-fo, QNR™, 0)

for the case when Q is a ball and fy is positively homogeneous of order 1, as-
suming that equation (2.5) does not possess nontrivial periodic solutions of any
period. Hence, Corollary 1 improves Muhamadiev’s theorem in [48, Theorem
5, m = 1] (see the next section for a more detailed discussion).

Finally, we give an analogous result for the Poincaré map. Suppose that
equation (2.5) defines a flow in R™, i.e. assume uniqueness and global exis-
tence for the solutions of the Cauchy problems associated to (2.5). For each
z € R™, we denote by x(-, z) the solution of (2.5) with x(0, z) = z. Thus,
the Poincaré-Andronov operator on [0, w] is defined by

Uz = x(w, z2).
Let G C R™ be an open bounded set. Then, the following result holds.

Corollary 2. Assume that Uyz # z for all z € frG. Then,
(2.22) dg(I - Uy, G, 0)=(-1)"dg(fy, G, 0).
Proof. We fix R > 0 such that

R >sup{|x(t, z)|: 0<t<w, z€clG}.
Then, for Q:={x € Y :x(0) € G, |x|oc <R}, we have
(2.23) deg(ly — @1, Q,0)=dg(I - Uy, G, 0).

Indeed, (2.25) can be obtained either from [31, Theorem 28.5], observing that
G c R™ and Q C Y have a “common core” with respect to the w-periodic
boundary value problem (2.5)-(2.2), or from [43, Theorem III.11, Corollary
I11.12]. Hence, Corollary 1 can be applied and the thesis follows.

Recall that in [3] and [30] the equality dg(I — U, G, 0) =dp(—fo, G, 0) is
proved under the stronger condition that x(¢, z) # z for all ¢t € (0, w] and
z € frG (that is, assuming that all the points of frG are of w-irreversibility

[30)).

Now, we are in position to state some existence results.



PERIODIC PERTURBATIONS OF AUTONOMOUS SYSTEMS 51

I1.2. Continuation theorems. In the sequel, we use the notation introduced at
the beginning of the chapter. Recall that

f(t, x;0) = fo(x), S, x; 1) =F(t, x).

First, we give our main result for the solvability of

(2.1) x'=F(t, x),
(2.2) x(0) = x(w).

Theorem 2. Let Q C X be an open-bounded set such that the following conditions
are satisfied:
(p1) thereis no x(-) € frxQ such that

(2.1;) x'=f(t, x;A), A€0,1);

(p2) ds(fo, QNR™, 0) £ 0.

Then (2.1)—(2.2) has at least one solution x(-) € clyQ.

Proof. We use the framework of coincidence degree theory as in Theorem 1.
The classical Leray-Schauder continuation theorem [37] could be used instead,
by the equivalence stated at the beginning of the §II.1.

Besides the spaces and the operators considered there, we further define M :=
M(x;A): Xx[0,1]1—-Z:

M (x5 A)(1) := (¢, x(2); A).

Observe that M(-; 0) = M,.

According to [43, Chapter VI], M is L-compacton clyQx[0, 1]. We remark
that x(.) is a solution of x' = f(¢, x;4), 4 € [0, 1], with x(0) = x(w),
if and only if x € domL is a solution of the coincidence equation Lx =
M(x;A), 2€[0, 1]. In particular, (2.1)-(2.2) is equivalent to Lx = M(x; 1)
(according to (2.3)).

Without loss of generality, we suppose that (p;) holds for 4 € [0, 1] in
(2.1;). Otherwise, the result is proved for x € fryQ. Accordingly, by the defi-
nition of M(-; ) and using (p;) we have

Lx #M(x;4), A€o0, 1],

for all x € dom L N fryQ. Thus, we can apply the homotopy property of the
coincidence degree and obtain:

(2.24)  Dr(L-Mp, Q) =Dr(L-M(-;0),Q)=Dr(L-M(-; 1), Q).
Assumption (p;) (for 4 = 0) ensures that Theorem 1 can be applied, so that
(2.7), (2.24) and (p;) imply

IDL(L - M(-; 1), Q)| = |ds(fo, QNR™, 0)| # 0.
Hence, by the existence property of the coincidence degree, there is X € dom LN
Q such that LX = M(X%; 1); thus X(-) is a solution to (2.1)-(2.2), with X(-) €
dom L N Q. The proof is complete.

An immediate consequence of Theorem 2 which is just based on a (suitable)
choice of the set Q C X is the following:
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Corollary 3. Let G be a bounded open subset of R™. Suppose that the following
conditions are satisfied.

(1)  (“bound set” condition) for any x(-), solution of (2.1;) — (2.2) such
that x(t)eclG forall t e [0, w], it follows that x(t) € G for all
te[0, wl;
(42) ds(fy, G, 0) #0.

Then (2.1)-(2.2) has at least one solution x(-) such that x(t) € c1G, for all
te 0, wl.
Proof. 1t is sufficient to define (in the setting of Theorem 2):

Q={xeX:x(t)eGVte[0, w]}
and to check that (p;) and (p;) are fulfilled. For brevity, we omit the details.

Remark 1. Corollary 3 is a continuation theorem analogous to [39]. Namely,
in [39] the bound set condition is required for equation

(2.25) X' =Ah(t,x;4), Ae(0,1),

with A(z, x; 1) = F(¢, x), and, in place of (j;), the Brouwer degree of the
averaged vector field /y(z) := (1/w) fow h(s, z; 0)ds is considered.

A comparison between the continuation theorem for (2.25) and Corollary 3
can be made by means of the following examples.

Example 1. Let us consider the plane system
x| =Xz, xy = —ux{ +vxy +p(t),

with pe L1([0, 0], R),u > 0,v >0, x* := max{x, 0}, x~ := max{—x, 0},
which comes from the study of the equivalent second order scalar equation
x"+uxt —vx~ =p(1).

It is easy to prove that Corollary 3 can be applied with
f(t, x5 A) = (x2, —ux{ +vx; +4ip(t)), A€o, 1],
and G = B(0, R), for R > 0 sufficiently large, provided that
(2.26). n(u= 2 +v7Y2) £ w/n, forevery neN.
Indeed, in this case a priori bounds for the w-periodic solutions are available
(see [13, 19]). On the other hand, if we consider the system
x| =Axp, x5 = A(—uxy +vxy +p(1)), A€ (0, 1],
the a priori bounds for the w-periodic solutions can be found only if

(227) A 'n(w V2 +v7Y?) £ w/n, forevery neN and A€ (0, 1].

Note that (2.27) holds if and only if (=2 +v~1%) > w/x.

Hence, it is easy to choose x and v such that (2.26) holds, while (2.27)
does not. This elementary example shows that there are situations in which
Theorem 2 may be more directly used. In §III we provide some more substantial
applications.
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Example 1 deals with a periodically perturbed autonomous system. In the
case of a general nonautonomous equation
x'=F(t, x),
a natural choice for the homotopy in applying Theorem 2 is to take
f(t,x;0) =1 =AF(x)+AF(t, x),
where F is the averaged vector field defined by

F(x)= Zt)_/()wF(S’ x)ds.

Example 2. We consider the problem
(2.28) x'=h(t, x)+p(t),

(2.2) x(0) = x(w),

where £ :[0, w] x R" — R™ is a Carathéodory function positively homoge-
neous of order a # 1 in x and p € L!([0, w], R™). We define 4 :R™ — R™
by

h(x) = %/Owh(s, x)ds

and we assume that h(z) # 0 for |z| =1 so that dg(h, B(0, r), 0) is defined
and constant for each r > 0. Let us define H: X x [0, 1] — Z by

H(x; A)(t) := (1 = Ah(x(2)) + Ah(t, x(2)) + A8 (a)p(2),

where

o(a) = max{O, Ii:—z'}.

We first show that there is some ry > 0 such that, for each A € [0, 1], the

equation
Lx=H(x;A)

has no solution x with |x|, =r, forall 0<r<ry if a>1 and r > rg if
a<l.

If this is not the case, there are sequences (r;) in (0, +o00), (x;) in X and
(Ax) in [0, 1] such that |xi|leo =1 , W <1l/k ifa>1, n>kif a<l,
and

X = (1 = A)h(xi) + Ach(t, xi) + A6 (a)p(2)

(k € N). Letting uy = xi /| Xk|loo = Xi /i , We get
(2.29) Wl = (L= M) R(ug) + Ach(t, we)] + Agr ' 0(a)p(2)
so that, a.e. on [0, w],

()] < ne B8 + (D),

for some B,y € L!([0, w], R). Consequently, there are subsequences (4;,),
(uj) and A* €[0,1], v € C([0, w], R"), |v|c =1 such that (u;) — v
uniformly on [0, w] and (4 ) — A*. From

t —
ug(t) — upe(0) = ™! /0 [(1 = A h(ug) + Ach(s, ug) + A “0(a)p(s)]ds,
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we get

v(t) —v(0)=0, tel0, wl,
so that v 1is constant and |v|. = 1. From (2.29) we also get

0= /0 [(1 — A A(ui) + Ah(s , u) + Aer*6(a)p(s)]ds

and hence, letting j, — +o0,
0 = wh(v),

a contradiction.
Hence,

Dy (L-H(-;1), B0, r)) = Dr(L - H(-; 0), B(0, ))
and by Theorem 1 and our assumption,
Dr(L—H(-;0), B(0,r)) = (=1)"dg(h, B0, 1), 0).

Then, if dp (ﬁ, B0, 1), O) # 0, (2.28)-(2.2) will have at least one solution
for each p € L'([0, w], R™) if a < 1 and, when a > 1, there will be some
g > 0 such that, for |p|; < &, one has

D(L-H(;1)=p, B(0,r0)) =Dr(L-H(-; 1), B(0, ro)) # 0

and (2.28)—(2.2) has at least one solution. This last situation is related to earlier
work of Halanay [26] and Mawhin [42].

A simple consequence of Corollary 3 is based on the fact that, whenever a
priori bounds for the solutions of (2.1;) can be performed, then the “bound
set” condition (j;) is satisfied. More precisely, we have

Corollary 4. Assume that there is a compact set K C R™ containing all the
solutions of (2.1;)—(2.2) and such that {z e R" : fo(z) =0} C K. Let GCR™
be an open bounded set such that K Cc G and suppose that

(2) ds(fo, G, 0) #£0.
Then (2.1)-(2.2) has at least one solution with values in K.

A result analogous to Corollary 3 can be performed in the case when the
phase space is not R” but a closed convex subset C of R™ with nonempty
interior, provided that a flow-invariance condition for the set C is satisfied.
More precisely, we have

Theorem 3. Let G C C be a bounded set which is open relatively to C, where
C c R"™ is a closed convex set with intC # @. Assume that the following
conditions are satisfied.

(c1) foreach uefrCnNG thereis ne€ N(u, C) such that

(f(t,u; 1)) <0 forae te[0, wland 2 €0, 1];
(cz) forany x(v), w-periodic solution of
x'=f(t,x;A), A€l0,1),
suchothat x(t) € clG forall te€[0,w], itfollowsthat x(t) € G for all
tel0, wl;
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(c3) the fixed point index ic(r(I + fo), G) is defined and
ic(rI+ f3), G) #0

where r:R™ — C is the canonical projection. Then (2.1)-(2.2) has at least one
solution x(-) such that x(t) € clcG, forall te€][0, w].

For the proof of Theorem 3, it is sufficient to use the claims in Theorem 1 and
to argue as in [5], where a continuation theorem for the existence of solutions
to (2.1)-(2.2) which remain in a convex set is performed. Obviously, Corollary
4 can be modified accordingly.

In §IV we prove a continuation theorem which is a generalization of Theorem
2 to the case when the phase space is an Euclidean Neighbourhood Retract
(ENR); however, the proof of this result is obtained by embedding (2.1)-(2.2)
in a functional-analytic framework which is different from [43].

Another consequence of Corollary 3 can be deduced in the case of planar
systems (m = 2) for which equation (2.1;) takes the form

(2.30) X1 =x2—Agi(x1) +AP(1), x5 =—g&(t, x154),

where g;: R— R and P: [0, w] — R are continuous functions and g»: [0, w]
x R x [0, 1] — R satisfies the Carathéodory conditions.

Systems like (2.32) come in a natural way from the study of the parametrized
Liénard equation in the scalar case (x € R)

X"+ Aw (X)X + wa(t, x5 A) = Ap(t),

imposing g (x1):= [, wi(s)ds, g :=wa, P(1):= [y p(s)ds (usually, fo r=0
is also assumed in order to get P(0) = P(w)). In this particular situation, the
following one-sided continuation theorem can be proved.

Corollary 5. Suppose that g>(t, z;0) := g2(z) and assume that there are
constants R >d > 0 such that
&(t,z;A)-z>0, forae te[0,w]landall 1€[0,1), |z|>4d,
and
max{x,(¢): 1 €[0, wl} #R, for any solution (x(t), x2(t)) of
(2.30)-(2.2), withA€[0, 1).
Then system (2.30) has at least one w-periodic solution for A = 1.

The proof of Corollary 5 can be performed through the construction of an
open rectangle G = (—M, R) x (M, M) C R? such that condition (j;) of
Corollary 3 is satisfied with respect to the solutions of (2.30)-(2.2). The choice
of the constant M > R follows by the estimates developed in [46] and [51]. We
omit the rest of the proof referring to these papers for the needed computations.
We note that Corollary 5 (or some slight variants of it) is the basic tool for the
proof of some recent results concerning the periodic BVP for some Liénard and

Duffing equations under one-sided growth restrictions on the restoring term
(see [15, 16]). Our result also improves [15, Lemma 1].

Remark 2. We point out that the results of this section may be extended to the
periodic BVP for nth order differential systems:

(2.31) x4+ F(t,x,x', ..., x"" V) =0,
(2.32) x0(0) = x(w), i=0,1,...,n—-1,
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with F :[0, w] x R" — R™ by means of the standard reduction of (2.31)-

(2.32) to the periodic BVP for a system of » first order equations in R™.
More precisely, we assume that there are f: [0, w] x R"" x [0, 1] - R™,

which fulfils the Carathéodory assumptions and fy : R*” — R™, such that

F(t,x,x', ..., x" M =—f(t,x,x,...,x"D; 1),

folx, x', oo, xm Dy =—f(z, x, x', ..., x("=D; 0).

We also define ¢p: R”™ — R™, by

qo(z) := fo(z,0,...,0), z € R™,
Then, we have
Corollary 6. Assume that there is R > 0 such that

max{|xV|o:i=1,...,n-1} <R,
for all possible solutions x(-) of

xW = ft,x, x', .., x50, A€[0,1),
satisfying the boundary condition (2.32). Suppose that, for r > R,
dg(qo0, B(0, r), 0) #0.

Then (2.31)~(2.32) has at least one solution.

The proof follows straightforwardly from Corollary 4, arguing like in [40],
and therefore it is omitted.

We recall that in [14, p. 677] a similar result has been obtained for a second
order scalar equation using a different approach based upon some equivariant
degree theory.

As a final result, we give a continuation theorem based on the study of the
Poincaré map.

For each z e R", A€ [0, 1], we denote by x(-, z; A) the solution of x’' =
f(t, x; A) such that x(0, z; 1) = z. As usual, to do this, we assume uniqueness
and global existence for the solutions of the Cauchy problems associated to
(2.1;). The Poincaré-Andronov operator U; = U,;(z) : R" — R™ is defined as
follows:

U(z) =x(w, z; A).
Then, we have

Theorem 4. Let G C R™ be open and bounded. Assume that the following
conditions are satisfied.

(my) Uy(z) # z forall zefrG, A€]0,1);
(my) dg(fo, G, 0) #0.

Then (2.1)-(2.2) has at least one solution.
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Proof. Without restriction, we can suppose that (m;) holds with 4 € [0, 1].
Then, it is sufficient to observe that assumption (m;) ensures that the map
(I-U,) is an admissible homotopy, so that, by the homotopy invariance of the
Brouwer degree,

dg(I-Uy,G,0)=dg(I-Up, G, 0).
Furthermore, Corollary 2 is applicable, so that

dg(I-U, G,0)=(-1)"dg(fy, G, 0).
Hence, there is z € c1 G such that U,(z) = z. The proof is complete.

Extensions to differential-delay equations may be performed as well, combin-
ing Theorem 1 with the arguments developed in [41].

III. APPLICATIONS

In this section we deal with the problem of the existence of solutions x(-) to

(3.1) x'=F(t, x),
(3.2) x(0) = x(w),
such that x(¢) € cIG for all ¢ € [0, w], where G is an open bounded subset
of R™ .

We state some consequences of Theorem 2 and of its corollaries which illus-
trate the range of applicability of our main result.

Throughout this section, we assume that the nonlinear field F splits as
(3.3) F(t,x)=g(x)+e(t, x),

where the function g : R” — R™ is continuous and e : [0, w] x R — R™
satisfies the Carathéodory assumptions. First, we consider the case of “small
perturbations”; then, we study large perturbations of positively homogeneous
vector fields.

II1.1. Small perturbations.

Corollary 7. Assume that the following conditions are satisfied:
(ky) for any w-periodic solution x of

(3.4) x' = g(x)

such that x(t) € c1G for all t € [0, w], it follows that x(t) € G for all t €
[0, wl;

(k2) dg(g, G, 0) #0.

Then there is gy > 0 such that, for any forcing term e(-, -) with |e(-, z)|oo < €
for all z € c1G, system (3.1) has at least one w-periodic solution x(-) such
that x(t) € clG forall t € [0, w].

Proof. We apply Corollary 3 with fo = g. We imbed (3.1) in the family of
parametrized equations

(3.1;) x' = f(t, x;A):=g(x)+Ae(t, x), A€0,1],

and we claim that there is & > O such that for every function e(-, z) with
le(+, z)|oo < & forall z € clG, theset G is a “bound set” for (3.1;).



58 ANNA CAPIETTO, JEAN MAWHIN AND FABIO ZANOLIN

Indeed, assume by contradiction that, for each n € N, there is a function
e, such that |e(-, z)|c < 1/n for all z € cIG and there is an w-periodic
function x,(-) satisfying

(3.5) Xy, = 8(Xn) + Anen(t, Xn), An €10, 1],

such that x,(¢) € clG forall ¢t and x,(t,) € frG for some ¢, € [0, w]. By
Ascoli-Arzela’s theorem we have that there is an w-periodic solution x*(:) of
(3.4), with x*(¢) € clG Vt, such that (up to subsequences) x, — x* uni-
formly on [0, w]. Moreover, for ¢, — t*, we have x*(¢*) € frG. Thus, pass-
ing to the limit in (3.5), a contradiction with (k;) is reached and the claim is
proved, so that (j;) is satisfied for e(-, -) sufficiently small. Thus we can apply
Corollary 3 and the proof is complete.

With elementary changes in the proof it can be seen that the result is still
true when e(z, x) = e(t) and bounds for |e|; are considered.

Corollary 7 enables us to recover a number of previous results, thanks espe-
cially to the rather weak condition (k;). For example, (k) is satisfied whenever
the flow 70 induced by (3.4) is dissipative (i.e. there is a compact set K C R™
such that for each x € R” thereis t, > 0 with #n%(¢, x) € K forall ¢ > t,);
indeed, if this is the case, then dg(g, G, 0) = (—1)"x(R™) = (—1)", forevery
G D K, where x is the Euler-Poincaré characteristic (see [31], [61, Theorem
6.1]). Hence, Corollary 7 guarantees the existence of periodic solutions for small
periodic perturbations of autonomous dissipative systems. In this manner, we
recover some classical results contained in [11, 28, 56].

Now, we discuss other results for the existence of solutions to (3.1)-(3.2)
where some conditions less general than (k;) are required.

In the two-dimensional case, J. Cronin [9, 10, 11] and A. C. Lando [32, 33]
deal with periodic perturbations of autonomous systems of the form:

(3.6) x'=X(x,y)+eE(t), VY =Y(x,y)+eExt).

Following Gomory’s approach [23], the authors are led to construct a simple
closed curve J (containing the origin in its interior) such that the unperturbed
system

(3.7) X=Xx,y), Y=Y,y

has no closed orbits intersecting J.

Clearly, in this situation (k;) is satisfied and condition (kj;) either is ex-
plicitly required (see [32, 33]), or it is an implicit consequence of other hy-
potheses. For instance, in [9, 10, 11] it is assumed that “the point at infinity is
strongly stable relative to (3.7)”. However, in this case it can be proved that
dg((X,Y), B(0,R),0) =1, for R sufficiently large. From the above discus-
sion, it follows that Corollary 5 contains all the results proved in [9, Theorem
2], [10, Theorem 6], [11, Theorem 2], [32, Theorem 3], [33, Theorem 3].

On the other hand, we observe that none of the above quoted theorems is
suitable for dealing with systems like

(3.8) x'= -y +eE (1), y' = x>+ eEy(t)

(see [10, p. 159]), while Corollary 7 applies.
We also note that many regularity hypotheses which are required in [9, 10,
11, 32, 33] are avoided using our approach.
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Another condition (stronger than (k;) A (k;)) leading to the existence of w-
periodic solutions of (3.6) was given in [1, Theorem 2], where it is assumed
that the origin is an isolated critical point with nonzero index and it is not an
isochronous center of period w/k (k € N). In fact, in this case it is sufficient
to take G = B(0, d), with ¢ > 0 sufficiently small. On the same line, see [3,
Theorem 2]. Finally, we mention that, by means of Corollary 7, we can give an
easy proof of

Nemitzkii’s Conjecture (first settled by A. Halanay [25]). If the autonomous sys-
tem (3.7) has a limit cycle, then there is least one w-periodic solution of (3.6),
for ¢ sufficiently small.

Again, Corollary 7 may be applied, choosing G such that fr G is “sufficiently
close” to the limit cycle.

In the higher dimensional case, Corollary 7 is an improvement of [1, Theorem
1], [3, Theorem 1], [27, Theorem 3.13], where, besides (k;), various specific
conditions are required, such as, e.g. [27],

“The origin is the only critical point of (3.7) in a neighbourhood G of itself,
and (3.4) has no periodic solutions of period @', 0 < @ < w, passing through
points of frG ™.

Corollary 7 is also a generalization of [62, Theorem 4], [66, Theorem 4.1,
(c1) ], where, instead of (k;), the existence of a compact isolating neighbour-
hood K for the flow induced by (3.4) is required.

Indeed, if this is the case, then G = intK is suitable for the validity of
Corollary 7. Again, equation (3.8) provides an example of applicability of our
result while [62, 66] cannot be used (see also Example 3 below).

We end this subsection with an example of a system which is nondissipative
and such that, furthermore, the corresponding autonomous system has the origin
as a global center. For related results see [20, 53].

Example 3. We deal with the forced nonlinear second order scalar equation:
(3.9) x"+y(x)=p(1),

where v : R — R is continuous and p : R — R is continuous, w-periodic and
such that

7= (1/0) / 5)ds =
As is well-known, equation (3.9) is equivalent to the phase-plane system:
X'=y+P), y=-yk),
where

P(t) :=/0 p(s)ds.

We assume that the function y satisfies:
(3.10) w(x)-x>0 for |x| # 0,

(3.11) Jim W) = oo, with Wix /y/

Xx|—+00

From (3.10) and (3.11), it follows that the origin in R? is a global center for
the autonomous system

(3.12) x',y)=gx,y) =0, -v(x),
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so that there is no compact isolating neighbourhood cl G of the origin (with G
open).
Moreover, for any open bounded set G C R?,

dp(g,G,0)=1 for 0 G, dg(g,G,0)=0 for 0¢G.

Hence, Theorem 4.1 in [66] cannot be applied.

On the other hand, in order to use Corollary 7 it is sufficient to find a bound
set G for (3.12), i.e. an open bounded set with 0 € G such that there is no
w-periodic solution of (3.12) “tangent” to fr G. To this end, we consider, for
any ¢ > 0, the sublevel set ¥, := {(x, y) € R?: (1/2)y? + ¥(x) < c}. Then,
fr¥. is a periodic orbit with minimum period:

C

n:ﬁ/ __ dé¢, withd <0<c, ¥Y(d)=Y().
a ¥(c)—¥()

Hence, it is sufficient to find ¢ > 0 such that T, # w/n for all n € N. Such a

choice of ¢ is always possible if the continuous map

1=:(0, +00) = (0, +00), ¢~ Ts,

is not constant.
Then, the following result follows from Corollary 7:

Proposition 1. For any continuous map yw: R — R satisfying (3.10), (3.11)
and having a nonconstant associated time-map T, there is & > 0 such that
equation (3.9) has an w-periodic solution for every w-periodic forcing term
p(+) with |p)1 <é& .

Recall that, if y is continuously differentiable and odd, then, by a classical
theorem of Urabe [64, §13.3, Corollary 4], 7(-) is constant if and only if y :
R — R is linear.

II1.2. Asymptotically homogeneous systems. In this subsection, we deal with
perturbations of autonomous systems with positively homogeneous nonlinear-
ity. More precisely, we consider equations of the form

(3.13) x'=g(x)+e(t, x),
with g : R” — R™ continuous and such that, for some a > 0,
(Ly) glkx)=kg(x), forall k>0, xeR™

and e : [0, w] x R™ — R™ satisfying the Carathéodory conditions and such
that

(Ly) ‘ llim (le(t, x)|/|1x|*) =0, uniformly a.e. in t€ [0, w];
X|—+00

Systems of the form (3.13) have been widely studied; see, for instance, [31,
34, 36, 45, 47, 48]. In [31, §41], [47] the more general case in which the function
g may depend on ¢ is considered too. However, as we show below, there are
situations that can be settled in the framework of Corollary 4 but do not fit in
[31, 48].

In the first result of this subsection we consider the case of g homogeneous
of degree one.
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Corollary 8. Assume (L)), (L,) with a = 1. Suppose that the following condi-
tions are satisfied.

(Ls) x = 0 is the only w-periodic solution of

(3.14) x'=g(x);
(Lg) dp(g, B(0, Ry),0) #0, forsome Rgy>0.
Then there is at least one w-periodic solution to (3.13).

Note that, from (L3), the origin is the unique singular point of g, and
(Ly), (Ls) imply that dg(g, B(0, R), 0) #0, for every R > 0.

Proof. We apply Corollary 4, with K = B[0, R] for R > 0 sufficiently large,
G=BO,R)), Ry >R, fo=g, f(t,x;4) = g(x)+ de(t, x). In order to
find R and, as a consequence, to prove the existence of a priori bounds for the
solutions of (3.1;), assume by contradiction that there is a sequence (x,) of
w-periodic functions, with |x,|. — +oco and such that, for every n € N,

(3.15) Xy = g(Xn) + Ane(t, Xa),  An €0, 1].
Now we set, for all n € N,

Vn() = Xn(*)/|Xnloo »
so that, dividing (3.15) by |x,| and using (L;) we get

(3.16) Vo= 8(Wn) + (Ane(t, Xn)/|Xnloo) -

We observe that we can apply Ascoli-Arzela’s theorem; therefore, there exists
y*, with |y*|o = 1, such that (up to subsequences) y, — y* uniformly on
[0, w]. Thus, taking the limit as » — +oo in (3.16) and using (L,) we obtain
") =g0").

Therefore, by (L;), y* =0, which is a contradiction.

Thus, we have proved that there is R > 0 such that, for every w-periodic
solution x(-) of (3.14), x(¢) € B[0, R] for all ¢t € [0, w]. Therefore, using
(Ly) we see that Corollary 4 is applicable and we get the existence of an w-

periodic solution of (3.13) such that x(¢) € B[O, R] for all ¢ € [0, w]. The
proof is complete.

Remark 3. Corollary 8 is a generalization of the results (in the case « = 1) in
[48], where, besides (L,), (L,) and (L4), the fact that there are no cycles or
nontrivial equilibrium states for the autonomous system x’ = g(x) is assumed.
In other words, (L;) must hold for periodic solutions of any period. Hence,
the range of applicability of our corollary is wider than Muhamadiev’s one. For
instance, Muhamadiev’s theorem does not apply to Example 1 in §II; indeed, in
that situation, for u, v > 0, the origin is a global center for the autonomous
system
x| =X, Xy = —uxi +vxy ,

while our result applies, provided that (x4, v) does not belong to the Dancer-
Fucik spectrum [19].

We also point out that, apparently, Corollary 8 (or, more precisely, the evalu-
ation of the Leray-Schauder degree of the Nemitzkii operator induced by (3.14)



62 ANNA CAPIETTO, JEAN MAWHIN AND FABIO ZANOLIN

in terms of the Brouwer degree of g ) cannot be obtained by means of the tech-
niques developed in [31]. To this regard, see the problem raised in [31, p.
256].

Now, we state the analogue of Corollary 8 for nth order systems of the form

(3.17) xW 4+ Fx,x', ..., x0D)y=e(t, x,x', ..., x"7D).

Corollary 9. Assume that the following conditions are satisfied.:

(f1) F(kx,kx', ..., kx(=V) = kF(x,x',...,x"*=Y), forall k >0 and
(x,x", ..., x"=D)y e R*™ ;

(f2) lim le(t, x, X', ..., x""O) |/ (|x]+]|x"] + - + |x*=D)) =0,

[x[+]x" ]+ +[x(B=D][—=+00
uniformly a.e. in t € [0, w];

(f3) x(t)=0, forall te[0, w], isthe only w-periodic solution of
x®W 4 F(x,x,...,x"D)y=0.

(fs) dg(q, B(0,r),0)#0, for r>0, where q(x):=F(x,0,...,0).
Then, (3.17) has at least one w-periodic solution.

As for the proof, it is sufficient to repeat the argument in the proof of Corol-
lary 9 and to apply Corollary 6.

Remark 4. The particular case when g(x) = F(x,0,...,0) = VV(x), with
V:R™ = R a positively homogeneous potential of degree 2 has been consid-
ered by many authors (see, e.g., [31, §12.4], [36]). Corollary 9 improves the
result in [36], where system

x"+VV(x)=p()

is studied. Indeed, besides assumptions analogous to (f), (f2), (f3), it is as-
sumed in [36] that V(x) > 0 for x # 0 so that (f4;) holds as well (see [31,
Theorem 12.6]). This remark shows that Corollary 9 contains the classical theo-
rems in [13, 19] on jumping nonlinearities, where asymptotically homogeneous
autonomous equations are considered, and some of the results in [17, 18]. An
easier proof of the theorem in [36] has been recently obtained in [45].

As a second consequence of Corollary 4, we perform a result for asymptoti-
cally positively homogeneous systems of order a, with a # 1.

Corollary 10. Assume (L;), (L,), (Ls) and suppose, respectively, either

(L%) x = 0 is the only bounded solution of x' = g(x) (ifa>1);
or
(L) gx)#0 forx#0 (ifa<]l).

Then, (3.13) has at least one w-periodic solution.

The proof can be obtained by repeating essentially the proof of Corollary 8,
or following Muhamadiev’s argument [48].

By means of [48] and Corollary 4 it is easy to extend the result to systems of
the form

(3.18) x'=g(t, x)+e(t, x),
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using a homotopy between (3.18) and either the “freezed” system x’=g(0, x)
for a > 1, or the “averaged” system x’' =g(x) for a < 1.

We do not give any new contribution for (3.18), except for the abstract
theorem we use; hence, we do not state such results in detail.

Finally, we mention that by means of the (continuation) Theorem 2 it is
possible to obtain a result on the so-called “regular guiding functions” (see [4],
[31, §14]). In this way, we can easily recover [8, 12, 23], where a perturbation
of a polynomial in R? is studied.

IV. AN EXTENSION TO FLOW-INVARIANT ENRs

In a recent paper [6], a variant of Mawhin’s continuation theorem has been
obtained for differential systems inducing a flow on some closed ENRs. In what
follows we give a similar extension of Theorem 2, provided that a Kupka-Smale
approximation property holds.

Let C Cc R™ be a closed ENR. In this section, our goal is to prove the
existence of a solution x(-) to

(4.1) x'=F(t, x),
(4.2) x(0) = x(w),

such that, for all ¢ € [0, w], x(¢) belongs to a certain subset of C.
The particular case when C = R™ has been treated in the previous sections.
As before, we assume that

(4.3) F(t,x):=f(t, x; 1),

where
f=ft,x;A): [0, w]xCx[0,1]—R"

is a continuous function which is locally lipschitzian in x, uniformly in ¢z, A.
Once for all, we point out that such assumption is not strictly necessary in
our proofs, but it provides the uniqueness of the solutions to all the Cauchy
problems which we will consider henceforth. Moreover, we assume that for
A =0 the map [ is autonomous, i.e. there exists a function fy: C — R™
such that

(4.4) Jolx) = f(t, x;0),

forall te[0, w], xeC.
In this more general situation, we need a “flow-invariance” hypothesis ensur-
ing that system

(4.5) x'=f(t, x; )

induces a local process in C, for all A € [0, 1]. More precisely, we want that,

for each (¢y, Xp) € [0, w) x C and for all 4 € [0, 1], the Cauchy problem
x,=f(t’x;l)9 X(t0)=X0,

has a solution x(-) : domx(-) — C defined on a right maximal neighbourhood
of 1.

Nagumo’s theorem (see [49, 67]) ensures that this fact holds true if and only
if
(i1) f(t,z;A)eT(z;C) forallte[0,w], zefrC, 4A€]0, 1],
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where T(z; C) is the (Bouligand) tangent cone to C at z. In other words,
condition (i;) means that the function f is “subtangential”’to C at z € frC.

Remark 5. Assumption (i) is obviously satisfied in the case when C = R™,
If set C is a regular manifold and f(¢, -; 1) is a tangent vector field, then
f(t,z;4) € T(z; C)n—=T(z; C), so that (ij) holds (see [21]). If C is a
closed convex set with nonempty interior (like in [5]) then (i;) can be written
as
(4.6)

(f(t,z;4)|n) <0 forallze[0,w],zefrC,A€l0, 1] and n € N(z).

Now, we introduce the crucial “approximation”
Property (A). If
(4.7) fo(z)eT(z;C) forall z€frC,

then there exists a sequence of locally lipschitzian functions (¢), ¢ : C — R™
such that:

(@) o(z)eT(z;C)forall zefrC, keN;
(b)) (@px) — fo uniformly on compact sets,
(') for every compact subset K of C and for all k € N, system

x' = gi(x)

has finitely many singular orbits (i.e., rest points and closed orbits) with
minimal period in [0, w + 1] which are contained in K.

We stress the fact that if the set C is a manifold (with or without boundary)
and f; is a tangent vector field to C, then property (A) is satisfied. Indeed,
this is a consequence of the Kupka-Smale theorem. In particular, property
(A) is satisfied in the case when C = R™ (as in §II above). If the set C
is a closed convex set with nonempty interior (as in [5]), then it is easy to
prove that property (A) is satisfied. Indeed, if (4.5) holds one can show, by a
standard perturbation argument, that there are sequences (y;) and (J;) | O
such that y, — fy uniformly on compact sets and (y,(z)|n) < —d; < 0 for all
zefrC, ne N(z). Now, by the Kupka-Smale theorem, we have that, for each
k € N, there is a sequence (¢x ,)o, satisfying (a’), (b’) and (c’). Finally,
a diagonal argument leads to the conclusion.

Before stating our main result, we recall the definition of the “index of rest
points”.

Assume (i;) and consider system

(4.8) x"' = fo(x).

The local lipschitzian continuity of the function fy ensures that (4.8) induces
a local semidynamical system #n® with phase space C. We recall that if (i)
holds then, taking 4 = 0 in (i;), it is immediately seen that the set C 1is
positively invariant for (4.8). Let G C C be a bounded set, open relatively to
C. If

(4.9) Jo(x) #0 for all x € frcG,

then there exists £y > 0 such that the “ ¢-Poincaré map” =0 : x — (e, x) is
fixed point free on the set frcG, for all 0 < ¢ < g. Hence, the fixed point
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index ic(n?, G) is defined and it is constant with respect to ¢ € (0, &] (see
[61]). Thus, the integer

I(n°, G) = lir(r)l ic(n?, G)
e—0*
is well defined, and it is called the “index of rest points”.

Remark 6. We recall some facts about the computation of the index of rest
points. If G=C (C compact), then I(n°, G) = x(C), where x denotes the
Euler-Poincaré characteristic (see [21, 61]). If c1G C intC, then I(n°, G) =
(=1)"dp(fo, G, 0) (see [31, 61]). If C is a closed convex set with nonempty
interior, then I(n°, G) = ic(r(I + fy), G), r: R™ — C being the canonical
projection (see [5]). If C is a manifold (satisfying suitable assumptions) and
fo is a vector field tangent to C, then I(n°, G) = x(—fy), where x is the
“characteristic of the vector field” f; introduced in [21].

In what follows, we denote by I" the complete metric space of the continuous
functions x(:) : [0, ] — C endowed with the distance d*, d*(x;, x;) :=
|x1 — X2]00 . We recall the following crucial result (see [29]): the space (I', d*)
is a metric ANR if and only if the set C is an ANR. This theorem will enable us
to work with the fixed point index of compact operators defined in the function
space I'. Notice that in what follows points of C will be identified with constant
functions. Now, we are in position to state our main result.

Theorem 5. Assume (iy) and (A). Let Q C I" be an open bounded set such that
the following conditions are satisfied.

(i2) there is no x(+) € frrQ, with x(0) = x(w), such that
(4.13) x'=f(t,x;4), A€l0,1);
(i3) I(n°, QNG) #0.

Then (4.1)-(4.2) has at least one solution x(:) € clpQ.

Proof. We begin by observing that, as Q is bounded, there is a constant R > 0
such that
|X|oo < R, forevery x € clpQ.

Now, consider a sequence of locally lipschitzian functions (¢x), ¢y : C —
R™, with ¢, — fy, uniformly on C N B[0, R], and satisfying (a’) and (c¢'),
according to property (A).
As a first step, we claim that, without loss of generality, we can suppose that
(d’) for each k € N, the problem

x'=g(x), x(0)=x(w)
has no nontrivial solution in C N B(0, R).

Indeed, consider the singular orbits (i.e. rest points and closed orbits) with
minimal period in [0, w + 1] of the system x’ = ¢,(x). By (¢’), there exist
finitely many such orbits S;, ..., S, , which are contained in C N B(0, R).
Let z; (1 < i < pi,pr > 0 an integer) be the rest points among the S; .
Arguing as in the proof of Theorem 1 (from step (2.14) to step (2.17)), we can
find, for each k € N, a constant 7; > w such that, for each v < ©' < 74 ,
the problem
x'=pe(x),  x(0)=x()
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has no solution x(-), with x(¢) € C n B(0, R) for all ¢, other than the
equilibria z;, ..., zp, .
Hence, if we choose, for each k € N,

. 1
w<w;¢<m1n{1k ,w+E},

and define

9i(2) == (0, /w)pr(z), foreach zeC,
we get a sequence of locally lipschitzian functions (¢;), ¢; : C — R™, with
¢; — fo, uniformly on CNB[0, R], which satisfies (a’) ( by the cone property
of T(z; C)) and such that the problem

x'=oi(x), x(0) = x(w),

has no nontrivial solution in C N B(0, R). The claim is thus proved.
Then, in the sequel, we can assume (d’).
As a next step, we proceed along the lines of the proof of Theorem 1 in [6].
We suppose that (i) holds with 4 € [0, 1] in (4.1;) (otherwise, the result
is proved for x € frrQ).
Let us consider the Cauchy problem

(4.10) y'=f(t,y;4),
(4.11) y(o) = z.

Without loss of generality, we can assume f bounded, possibly replacing it by
a modified function like f(¢, x; 4)p(|x]), asin the proof of Theorem 1 in [6].
Since, in this situation, uniqueness and global existence for (4.10)-(4.11) are
guaranteed, then if we denote by u(o, z, -; A) the solution of (4.10)-(4.11) a
one-parameter family of processes is defined.

Besides, we introduce a one-parameter family of compact operators defined
on I'x [0, 1] as follows:

M(x;2):=u(0, x(w), -; 1), A€[0,1].

By (i), M :T x[0,1] — I'; furthermore, Ascoli-Arzela’s theorem ensures
that M is compact on clrQ x [0, 1]. By the definition of M , it is easily
seen that x 1is a fixed point of M(-; A) if and only if x(-) is a solution of
(4.10) such that x(0) = x(w). Accordingly, our aim is to prove the existence
of a fixed point of the operator M(-; 1). This fact, together with (4.3), implies
the thesis.

By assumption (i), we have that M(x;A) # x for all x € frrQ and
A €0, 1], sothat M is an admissible homotopy and

ir(M(-; 1), Q) = ir(M(-; 0), Q).

Observe that the existence of a fixed point of the operator M (-; 0) is equivalent
to the existence of an w-periodic solution of the autonomous system (4.8).

Now, by property (A) and the preceding claim, there is a sequence (@)
satisfying (a’'), (b’), (¢’) and (d’), relatively to C N B[0, R]. Let us denote,
for every k € N, by n%-# the dynamical system induced by

Vi=ph)+ (1= weey),
with u € [0, 1].
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Thus, for each k& € N, a one-parameter family of dynamical systems is
defined. Assumptions (i;) and (A) imply that the set C is flow-invariant for
the dynamical systems 7m%-# as well.

Indeed, this follows from the convexity and the cone property of some tangent
cones which can be equivalently used in place of 7(z; C) (cf. Lemma 1 in [6]
for the detailed proof of an analogous result).

On the other hand, assumption (i;) implies that fy(z) # 0 for all z €
frrfQ N C; hence, by the compactness of frrQ N C, we obtain that there is
& € (0, w) such that

(4.12) 80, z) = n%e, z) = 7%(z) # z,

forall zefrrQNC, €€ (0, gl
Now, as before, we introduce, for every k € N, an operator N* defined on
I'x [0, 1] by
N¥(x; p) == mok (-, x(w));

observe that N*: ' x [0, 1] — T and that it is compact on clrQ x [0, 1].
Moreover,
NE(-5 1) = M(+5 0),

for all kK € N.

We claim that there is kp such that, for all k£ > ko and for all u € [0, 1],
Nk(-; u) is an admissible homotopy. This fact will imply, in particular, that if
we denote by 7% := n'-k the flow induced by x’ = ¢, (x), then

(4.13) nk(ey, z) # z, forallze CNfrrQ, k > k.

Moreover, a classical compactness argument implies that, for any k& > kp ,
there is d; = d;(k) > 0 such that

(4.14) n*(eo, y) #y, forally e B(frrQnC, d;).

Indeed, it is sufficient to observe that the sequence of operators (N*) converges
to M(-; 0) uniformly on clrQ x [0, 1] and that

inf{d*(x, M(x;0)):x €frrQ} >0

(recall that M (-; 0) is compact on frrQ and frrQ is closed). Hence, the claim
is proved and we can write

(4.15) ir(N*(; 1), Q) = ir(N*(-; 0), Q),
for every k > kg and, in particular,
(4.16) ic(nk, QN C)=ic(n), QN C).

Let us fix k* > ko . For brevity, we set ¢ := ¢, N := N&'  n¢ =7k, 6, :=
o1(k*). Let Sy,...,S, C CNB(0, R) be the singular orbits (i.e. rest points
and closed orbits) with minimal period in [0, w + 1] of the dynamical system
n? induced by

(4.17) x'=¢(x),

which are contained in C N B(0, R).
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Arrange the indexes so that z; , for 1 < i < p, are the rest points of n?
in CNB(0, R), thatis z;=S;, for i=1,...,p.

By (d'), we know that x(-) € cIrQ is a fixed point of the operator N(-; 0)
if and only if x(¢) = z; , for all ¢ € [0, w], with z; € QN C. Hence, by
excision,

(4.18) ir(N(-;0), Q) = > ir(N(-; 0), B(z;, 9)),

1<j<p
zjeﬂ

where
6 =min{d;, n/2}, n=min{d(S;, S;):1<i#j<n}

Now, we introduce a third homotopy by whom, roughly speaking, we “move
along the orbits” of the dynamical system n?.
We define an operator H on I x [0, 1] as follows:

H(x; f) =’ (x(w), (1 - B)eo + B+).
As before, H: T x [0, 1] — I" and it is compact on clrQ x [0, 1]. Moreover,
(4.19) N(-;0)=H(-; 1).
We observe that x is a fixed point of H(.; f) if and only if x(¢) =
y((1 = B)e+ Bt), with y(-) a ypo-periodic solution of
Vi=o),  »(0)=x(w)

and yp:=(1 - Ble+ pow.

By the same argument used in the proof of Theorem 1 (from step (2.18) to
step (2.19)), we have that H(-; #) has no fixed points on frrB(z;,d), for
each j=1,...,p (z;€Q)andeach g€[0, 1], so that

(4.20) ir(H(-; 1), B(z;, 9)) = ir(H(-; 0), B(z;, 9)).

Since the only fixed points of H(-;0) in clfQ are the z;,j =1,...,p
(z; € Q), by excision it follows that

(4.21) ir(H(-;0),Q) = > ir(H(-; 0), B(z;, 5)),
o
Therefore, from (4.18), (4.19), (4.20) and (4.21) we obtain that
ir(N(-;0), Q) = ir(H(-; 0), Q).

Since H(-;0) : I' — C, then by the contraction property of the fixed point
index (see [50]) we have

ir(H(-; 0), Q) = ic(H(-;0), QN C).
Furthermore, using the fact that
H(x;0)=n%(g, x(w)) = nf (x(w)),

we get
ic(H(-;0), QN C) = ic(zf, QN C).

Finally, by the choice of k*, we can use (4.16), so that
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ic(n?, QNC)=ic(n,QNC)=ic(n?, QN C),

& ?

for ¢ € (0, &).

In conclusion, we have proved that ir(M(-; 1), Q) = ic(n?, QN C) is con-
stant with respect to ¢, for ¢ > 0 small enough.

Then,

ir(M(-; 1), Q) = 61_13)1+ ic(n?, QnC)=1(z", QN C).

Assumption (i3) provides the existence of a fixed point x € Q of M(-; 1).
The proof is complete.

Remark 7. We point out that a generalization of Corollaries 3 and 4 to the case
of flow-invariant ENRs can be performed arguing as in §II. Besides an analogous
“bound set” or “a priori bounds” condition (respectively), it is sufficient to
assume, according to Remark 7, that

1(7°, G) #0.
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